
Mastermath Elliptic Curves, Homework 10
Due: 24th November 2015, 10:15

Students are expected to (try to) solve all problems below, except those marked
“optional”. The ones marked as “hand in” are to be handed in and count
towards your grade according to the rules on the web page.

Problem 59 (Cassels §17, exercise 1; hand in). For a prime p and a non-zero
rational number a, let |a|p denote the p-adic absolute value of a, defined as

|a|p = p−r

where r is the (positive or negative) power of p occurring in the factorisation of
a into primes. Let |a|∞ denote the usual absolute value of a, and let

Ω = {p ∈ N | p prime} ∪ {∞}

be the set of all these absolute valuations.

(a) Prove the product formula:

for all a ∈ Q×,
∏
v∈Ω

|a|v = 1.

(b) Let P = (a0 : · · · : an) ∈ Pn(Q) be a point of projective space. Show that
the quantity ∏

v∈Ω

max
i
|ai|v

is equal to the height H(P ) as defined in the lecture.

Problem 60 (optional). For a positive real number B, let N(B) denote the
number of points of P1(Q) having height at most B. Show that

N(B) ∼ 2

ζ(2)
B2 as B →∞,

where ζ is the Riemann zeta function.

Problem 61 (hand in). Let E be the elliptic curve

Y 2 = X(X2 + 3X + 5)

of Problem 55. Describe the group structure of E(Q).

Problem 62 (hand in). Consider the equation

2Y 2 = X4 − 17Z4 (1)

which appeared during Problem 57.



(a) Show that, if (1) has a non-zero integer solution (x, y, z), then we may
assume that x, z are coprime and that y is positive.

(b) Given such a solution, show that 17 does not divide y.

(c) Use quadratic reciprocity to show that, if p 6= 17 is an odd prime dividing
y, then p is a square modulo 17. Deduce that y is a square modulo 17.

(d) Show that 2 is not a fourth power modulo 17, and conclude that (1) has no
non-zero integer solutions.
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